Abstract. We prove two similar results by quite different methods. The first one deals with augmented artinian algebras over a field: we characterize the trivial algebra structure on the augmentation ideal in terms of the maximality of the dimensions of the Hochschild homology (or cyclic homology) groups. For the second result, let X be a 1-connected finite CW-complex. We characterize the trivial algebra structure on the cohomology algebra of X with coefficients in a fixed field in terms of the maximality of the Betti numbers of the free loop space.
Introduction
Let A be a unital algebra over a field k. By definition, the Hochschild homology of A with coefficients in A (called here Hochschild homology) is the homology of the Hochschild complex (C * (A), b) (see section 1) and is denoted HH * (A) = n≥0 HH n (A), [Lo] . If A is a finite dimensional k-vector space, then each homology group is finite dimensional and the n-th Betti number of HH * (A) is defined as the dimension of the k-vector space HH n (A).
In §1, we focus our attention on augmented algebras A = k ⊕Ā whereĀ is the augmentation ideal and we assume thatĀ is a finite dimensional k-vector space. WhenĀ ·Ā = 0, the calculation of the Betti numbers of HH * (A) has been carried out by many people, [L-Q] , [Ro] , [Pa] . If A is any augmented algebra with augmentation idealĀ, we can consider A t = k ⊕Ā t the augmented algebra with augmentation idealĀ t , whereĀ t =Ā as a k-vector space andĀ t ·Ā t = 0. We first show (theorem 1.3) that
(1) dim HH n (A) ≤ dim HH n (A t ) for n ≥ 0, (2) dim HC n (A) ≤ dim HC n (A t ) for n ≥ 0 where (HC n (·)) n≥0 are the cyclic homology groups ( [Lo] and definition below).
Then (theorems 1.4, 1.6) we prove that the inequalities above become equalities if and only if the multiplication is trivial on the augmentation ideal, so that we characterize the trivial algebra structure on A in terms of the maximality of the Betti numbers of the Hochschild homology or cyclic homology groups. The study of the Betti numbers of the free loop space is motivated by its applications to geometry. A famous example is the Gromoll-Meyer theorem [G-M] which asserts the following: if X is a 1-connected compact manifold such that the sequence of Betti numbers dim H n (X S 1 , k) is not bounded, then there exist infinitely many closed distinct geodesics on X for any Riemannian metric. Roos [Ro] and Parhizgar [Pa] compute explicitly these Betti numbers when X is a wedge of spheres of the same dimension; in this case, H * (X, k) is an augmented algebra and the multiplication is trivial onH = n>0 H n (X, k).
In §2, we give, in the context of topology, similar results to those of §1. The proofs are quite different and rely on the notion of an Adams-Hilton model for a space [A-H] . Let H = n≥0 H n be a graded k-vector space with H 0 = k, H 1 = 0 and
H n finite dimensional. We consider the wedge of spheres
where the sequence (n 1 , . . . , n r ) corresponds to a basis of the vector spaceH. We have H * (X t , k) = Hom (H, k) . Theorem 2.1 asserts that if X is any finite complex with H * (X, k) = H, then the Betti numbers of the free loop space on X and the equivariant free loop space on X are bounded by those of X t . Conversely, we prove (theorem 2.2 and theorem 2.4) that if the Betti numbers are the same, then the multiplication is trivial oñ
As in the algebraic case, we characterize the trivial algebra structure on H * (X, k) in terms of the maximality of the Betti numbers of the free loop space.
Recall from [Vi1] that if X t = 1≤i≤r S ni , r ≥ 2, we have proved that the sequence of Betti numbers of the free loop space grows exponentially. When X is a hyperbolic space, many attempts have been made to prove the exponential growth of the Betti numbers, [La1] , [La2] . Results in this paper convince us that the proof will be harder when multiplication is not trivial onH * (X, k).
The Hochschild and cyclic homology of augmented algebras
In the following, we always consider augmented algebras over a fixed field k. We recall, from [Lo] , the definitions of Hochschild and cyclic homology.
The Hochschild homology groups (HH n (A)) n≥0 are the homology groups of the Hochschild complex (C * (A), b). IfĀ is the augmentation ideal of A, we define C * (A) = n≥0 C n (A) and b by the following formulas:
All the tensor products are over k. We introduce the cyclic permutation t n :
n−1 a n ⊗ a 1 ⊗ . . . ⊗ a n−1 . From Loday, [Lo] , Proposition 2.2.14, the reduced cyclic homology groups HC n (A) := HC n (A)/HC n (k) can be computed as the homology groups of the complexĀ ⊗(n+1) /(Id − t n+1 ) endowed with the differential induced by b, when char k = 0, or char k = p and n < p − 1. 
, let x and y be two independent elements in the k-vector spaceĀ.
. ⊗ x with y at the ith place in the tensor productĀ ⊗(2n) ; we check that X belongs toĀ
Remark. If char k = p, p > 0, part 2 of proposition 1.1 and corollary 1.2 remain valid for n < p − 1. Theorem 1.3. Let A be an augmented algebra over a field k. LetĀ be its augmentation ideal, with dim kĀ finite. Let A t = k ⊕Ā t be the augmented algebra with trivial multiplication onĀ t andĀ =Ā t as a k-vector space. We assume that char k = 0, or char k = 0 and there exists N ≥ 2 such thatĀ N = 0 in A; then we have
A n is a graded algebra with A 0 = k, there exists N ≥ 2 such thatĀ N = 0. Otherwise, it cannot be true; for example, if
In this case, parts 1) and 2) of the proposition remain true for n < char k − 1.
Proof. If char k = 0, the reduced cyclic homology can be computed using the reduced Connes complexC 
Using the Connes long exact sequence, we see that
A t can be considered as a graded algebra with A 0 = k; so we can use Goodwillie's trick ( [Lo] , theorem 4.1.13) and we have
This gives us dim HH
If k is an arbitrary field, we use a spectral sequence argument to prove theorem 1.3. We define an increasing filtration on the Hochschild complex as follows:
With the additional hypothesis that there exists N ≥ 2 such thatĀ N = 0, this filtration is bounded and gives rise to a spectral sequence (E r * * , d r ) converging to HH * (A) with
So we have
To prove 2), we use the reduced bicomplexB(A) to compute cyclic homology ( [Lo] , page 58), and we define on it an increasing filtration as above. Now, we are interested in algebras A for which inequality 1 or 2 of theorem 1.3 becomes an equality. 
Then the multiplication is trivial in the augmented algebra A (namely, A is isomorphic to A t , as augmented algebras).
Proof. We have
. This is equivalent to the facts thatb = 0 is zero onĀ
But we have
).
where x is a nonzero element inĀ.
We check that X = (Id + t 2m + . . .
. ⊗ x and x 2 at the ith place. Let (x, e 2 , . . . , e d ) be a basis of the k-vector spaceĀ. We can write
The hypothesisĀ N = 0 implies λ = 0, so that x 2 = 0, for any x ∈Ā. If dimĀ = 1, we have proved thatĀ ·Ā = 0. If dimĀ ≥ 2, consider two independent elements x and y inĀ; we have 0 = (x + y) 2 = x 2 + y 2 + xy + yx, and so we have
From the hypothesis, we have seen that there exists m ≥ 1 such that
Since x 2 = 0 and xy = −yx, we have
Let (x, y, e 3 , . . . , e d ) be a basis of the k-vector spaceĀ. We can write yx = µx + νy + So, A is an augmented commutative algebra isomorphic to A t .
Remark. Theorem 4.1 remains valid if char k = p, p > 0, and n < p − 2.
HH n (A) = 0 for all n > 0.
This shows that the hypothesisĀ N = 0 cannot be omitted in theorem 1.4. On the other hand, the Hochschild homology groups of A t and A are quite distinct.
This observation leads us to state the following for commutative algebras. 
Then the multiplication is trivial in the augmented algebra A(namely A is isomorphic to A t as augmented algebras).
Proof. Assume that there exists n ≥ 1 such that
From the Connes exact sequence, we see that
From theorem 1.3, we know that
The two inequalities imply that
The first part of the proof of theorem 1.4 implies that, for any nonzero element x inĀ, there exists λ ∈ k, such that x 2 = λx. Denote by (x 1 , . . . , x m ) a k-basis ofĀ; so there exist
If m = 1, we recover example 1.5 and the theorem is true. If m ≥ 2, consider two independent elements x i , x j , i = j inĀ. Using the fact that there exist (µ, ν) ∈ k 2 such that
we show that
This proves that A = S/I where S is the polynomial algebra k[X 1 , . . . , X m ] and I is generated by
Using the Jacobian criterion, it is easy to check that if there exists i with λ i = 0, then A is smooth over k. Since A is artinian, the module of Kahler differential forms Ω 1 A/k should be zero. Using the Hochschild-Kostant-Rosenberg theorem [H-K-R], we see that all the Hochschild homology groups HH n (A) should be zero for n ≥ 1.
We have seen, in corollary 1.2, that HH n (A t ) is nonzero for all n. So, if there exists n ≥ 1 such that HH n (A) = HH n (A t ), then HH n (A) = 0 and A is not smooth over k. This occurs only if λ i = 0 for all i ∈ {1, . . . , m}. In that
Remark. Theorem 1.6 remains valid if char k = p > 3 and 1 ≤ n < p − 1.
Characterization of spaces with given homology vector space in terms of the Betti numbers of the free loop space
In the following, we fix an arbitrary field k. Let X be a simply-connected finite CW -complex. [Go] , and J. Jones [Jo] , which asserts the following:
where C * (ΩX, k) is the differential graded algebra of singular chains on the Moore loop space of X.
The definitions of Hochschild and cyclic homology can be extended easily to the category of differential graded chain algebras ( [Lo] , chapter 5).
Results of §1 lead us to ask the following question, in the topological framework:
H n be a finite dimensional graded vector space over an arbitrary Unfortunately, this problem cannot be tackled as in the algebraic context, because the notion of Connes complex, defined as a quotient of the Hochschild complex, cannot not be extended to differential graded algebras.
The main tool is the Adams-Hilton model for a CW -complex whose 1-skeleton is trivial, [A-H] . To such a space X, they associate a differential graded chain algebra A X and a morphism
which induces an isomorphism in homology.
From [B-L] , there exists a free differential graded algebra (T (V ), d) and a morphism θ 0 : (T (V ), d) → A X , which induces an isomorphism in homology. Furthermore:
where L(V ) is the free Lie algebra generated by V .
A classical result of Goodwillie [Go] asserts that
as graded k-vector spaces. Now, we give a similar result to theorem 1.3.
H n be a finite dimensional graded k-vector space with
Let X be any finite complex with H * (X, k) = H and denote by X t the wedge of spheres such that H * (X t , k) = H. Then we have
Proof. In [Vi2] , we exhibit in theorem 1.5 (resp. theorem 2.4) a short complex that computes HH * (T (V ), d) (resp. HC * (T (V ), d) ). We use them here.
Recall that
and |a| means the degree of a.
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We define a bounded filtration on (
This determines a convergent spectral sequence E r pq with E r pq = 0 if q = 0 or q = 1,
So we have, for a fixed p ≥ 0, (1) is proved.
To prove part (2), we should recall the definition of the short complex (B * , D) given in [Vi2] to compute HC * (T (V ), d):
In fact, we will consider the reduced complexB * = B * /k [u] with the induced differentialD, that computes reduced cyclic homology
We define a bounded filtration on (B,D) as follows:
The differential d 0 is precisely the differential which computes HC * (T (V ), 0) using the complex of theorem 2.4 of [Vi2] with zero differential on T (V ). So we have (2) 
as graded algebras, whereH = n>0
H n be a finite dimensional graded k-vector space with H 0 = k, H 1 = 0, and N = sup{n|H n = 0} nonzero. Let X t be the wedge of spheres such that H * (X t , k) = H. Let X be a finite CW -complex with H * (X, k) = H. We assume that either char k = 0, or char k = p > 3N − 3, and
Corollary 2.5. With the same hypothesis as in theorem 2.4, we assume furthermore that there exists an integer r ≥ 1 such that H n = 0 for n ≤ r and n ≥ 3r + 2. Then we have
as graded k-algebras.
As in the algebraic context, the proof of theorem 2.4 is easy from theorem 2.2. We leave it to the reader.
Proof of theorem 2.2. From theorem 2.5 of [Vi2] , we havẽ
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